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Typed Graph Theory
Extending graphs with type systems

Rodrigo C. O. Rocha!

Abstract

In this paper, we propose typed graph theory, a generalisation of graph theory
by extending graphs with type systems. Type theory, as a study of type sys-
tems, was originally developed as a formal system in logics. In the proposed
typed graph theory, every vertex has a type and operations are restricted to
vertices of a certain type. We revisit core concepts in graph theory, where
new interesting properties emerge due to the proposed extension with type
systems.
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1. Introduction

In this paper, we extend the concept of a graph with type systems, called
typed graphs. In particular, we revisit several well-known graph properties
and operations where new interesting properties emerge due to the proposed
extension with type systems. The proposed extension to graph theory with
type systems, that we call typed graph theory, is a generalisation of graph
theory, and we assure to keep the generalisation consistent throughout the
paper.

Type systems are subject of study in type theory and programming lan-
guages. In a system of type theory, each term has a type and operations
are restricted to terms of a certain type [I, 2]. Type theory was initially
proposed by Bertrand Russel [1], and further developed by others such as
Whitehead and Hilbert, in order to address paradoxes in formal logics and
rewriting systems. Afterwards, Alonzo Church [2] developed simply typed
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A-calculus which is a typed formalism based on A-calculus and simple type
theory. In Section [3| we define a substitution rule with a similar concept to
the one used by Church [2].

2. Typed graphs

In this section, we define typed graphs as undirected graphs extended
with type systems, however, these concepts can be easily extended to directed
graphs.

Definition 2.1. Let T be a non-empty set of types and let L be a set of labeld]
We say that G = (V, E,T) is a typed graph with vertex-set V. C L x T and
edge-set E CV x V.

We will denote vertices (v1,71) € V' by v1:7y and edges by {vy:71,v9:72}.
Notice that two distinct vertices vy:7y,v9:7 € V have v; # vy but their
types 7, and 7o can be the same. A homogeneous graph G of type 7 is
a typed graph G = (V, E,T) where T' = {7} and therefore all vertices in
V' have type 7. Similarly, a singleton graph of type 7 is a graph defined
as G = ({v:7},0,{7}). Graphs in classic graph theory are equivalent to
homogeneous typed graphs and thus just special cases of typed graphs.

Definition 2.2 (Subgraph). Let Gy = (Vi, E1,T1) be a typed graph. Gy =
(Va, By, Ty) is a typed subgraph of Gy, denoted by Go C Gy, if and only if
Vo C Vi, By C Ey and Ty CTy.

Similar to the definitions of vertex-induced subgraph and edge-induced
subgraph, we also define type-induced subgraph, see Definition [2.3

Definition 2.3 (Type-induced subgraph). Let G = (V,E,T) be a typed
graph and T" C T'. Define the type-induced subgraph of G, denoted by G[T"],
as the typed subgraph (V',E',T") of G such that V' = {vir € VT € T'} and
E' = {{vim, v9m} € Elvyim, vem € V'}

Definition 2.4 (Isomorphism). Let Gy = (Vi, E1,T1) and Gy = (Va, By, T))
be typed graphs, with Vi C Ly x T1 and Vo C Lo X Ty. The two typed
graphs G and Gy are isomorphic, denoted Gy ~ G, if and only if there is
a bijection ¢ : Ly x Ty — Lo X Ty such that Vo = {¢(v;, 7i)|viimi € Vi} and
By = {{o(vi, 1), ¢(vj, 1) {vimi, vy} € En}.

2Usually we can consider that L is the set of natural number N.
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Whilst both vertex and edge deletion are type-independent operations,
vertex and edge contractions are type-dependent operations in typed graphs.
As we formally define below, vertex contraction is well-defined only for pairs
of vertices of the same type and, similarly, edge contraction is well-defined
only for edges with endpoints of the same type.

Definition 2.5 (Vertex contraction). Let G = (V, E,T) be a typed graph
and v;1,v;:T € V are vertices of the same type 7. Let ¢ be a function which
maps every vertex in V \ {v;:T,v;:7} to itself, and otherwise, maps it to a
new vertex w:r. The contraction of vertices {v;T,v;T} results in a new typed
graph G' = (V' E',T), where V' = (V\{vyr,v;7}) U{w:r} and E' is defined
with a correspondence to E such that for every v € V, v' = ¢(v) € V' is
incident to an edge ¢ € E' if and only if, the corresponding edge, e € E is
incident to v in G.

Definition 2.6 (Edge contraction). Let G = (V,E,T) be a typed graph
containing an edge ¢ = {v;:T,v;:T}, with vertices of the same type T. Let ¢ be
a function which maps every vertex in V \ {v;:T,v;7} to itself, and otherwise,
maps it to a new vertex w:T. The contraction of € results in a new typed
graph G' = (V' E',T), where V' = (V\{vyr,v;7}) U{w:r} and E' is defined
with a correspondence to E\ {e} such that for everyv € V, v = ¢(v) € V' is
incident to an edge ¢’ € E' if and only if, the corresponding edge, e € E\ {c}
15 incident to v in G.

Definition 2.7 (Reduced normal form). A typed graph is in the reduced
normal form if and only if for any given edge {v;:7;,v;:7;} € E, we have
T; 7é Tj.

If a typed graph is not in the reduced normal form, its reduced normal
form can be obtained by repeatedly contracting edges with endpoints of the
same type, until no further edge contraction is possible. Corollary [2.12shows
that the reduced normal form of a typed graph is unique. Denote by Rg
the reduced normal form of a typed graph G. Theorem [2.8 that follows
immediately from the definition, states that if G is in the reduced normal
form then Rg ~ G and no further reduction is possible.

Theorem 2.8. If a typed graph is in the reduced normal form, no reduction
by edge contration is possible.

Proof. Follows immediately from the definition that a graph in the reduced
normal form has no edge with both endpoints of the same type. O
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Theorem 2.9. If G is a typed graph in the reduced normal form and H is a
subgraph of G, then H is in the reduced normal form.

Proof. Suppose H is not in the reduced normal form, then there is an edge
{vi:7,v;:7;} in the edge-set of H, with 7, = 7;, which is a contradiction
because {v;:7;,v;:7;} is also in the edge-set of GG, which is in the reduced
normal form. ]

Definition 2.10 (Homogeneous connected components). Let G = (V, E,T)
be a typed graph. Define a relation ~ on V' as follows: for all v;t;,vyT; € V,
define vi1; ~ v;i7; if and only if T, = 7; and there is at least one homogeneous
path from v;:T; to vj:1;, where all vertices in the path have the same type T;.
The relation ~ is an equivalence relation. The subgraphs of G induced by the
equivalence classes of ~ are called homogeneous connected components of G.

Theorem 2.11. Let G = (V,E,T) be a typed graph and S be the set of
homogeneous connected components of G. Let G' = (V') E',T) be the graph
consisting of the homogeneous connected components of G as vertices, i.e.
V' ={H:7|H € SANT(H) = {1}}, and E’ is the set of edges for which
{Hy:11, Hy:o} € E' implies that Hy, Hy € S, with Hy # Hs, and 3{vy:1y, vo:
To} € E with vi:my € V(Hy) and vyt € V(Hsy). Therefore G is isomorphic
to mg.

Proof. Let H € S. We have that the reduced normal form of H is a singleton
typed graph, i.e., Ry ~ ({w:}, 0, {7}), since, by definition, H is a connected
graph and Yvy:my, very € V(H), 71 = 7. Therefore Ry contracts all edges of
H, resulting in the singleton typed graph, regardless of the order the edges
are contracted. The resulting contracted singleton typed graph corresponds
to the vertex H:7 in the typed graph G'. However, edges of G with endpoints
of different types are not contracted by R and by definition they also belong
to different homogeneous connected components of Gz, therefore belonging to
both G’ and Rg. |

Corollary 2.12 (The reduced normal form uniqueness). If G’ and G" are
reduced normal forms of a typed graph G, G' ~ G" .

Proof. Follows immediately from Theorem and also from the fact that
the set of equivalence classes of an equivalence relation is uniquely defined.

]
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Definition 2.13 (Reduced form equivalence). Let Gy = (Vi, Ey,Ty) and
Gy = (Va, By, T3) be typed graphs. If Rg, and Re, are isomorphic, then Gy
and Go are said to be reduced form equivalent, denoted by G1 = Gs.

Notice that the reduced form equivalence satisfies reflexivity, symmetry
and transitivity. We denote by [G]= the equivalence class of a graph G
regarding the reduced form equivalence relation. Clearly |[G]=| is infinite,
since each vertex in the reduced normal form could be a result of reducing
any connected typed graph with all vertices having the same type as the
reduced vertex. We provide further analysis of the reduced form equivalence
class in Section [3l

3. Subgraph substitution rule

In this section, we define a substitution rule that maps from one typed
graph to another reduced form equivalent typed graph. We first define two
predicates that will be used for defining the subgraph substitution rule.

Let G = (V,E,T) be a typed graph and v:7 € V. The first predicate,
Pp(S,v:T), defines a set S that is a valid superset of the complete partitioning
of N(v:T), the set of vertices adjacent to v:r.

Pp(S,vr) :([¥S' € 8,8 #0) = PS"#5 € 5,5 NS" # DA
Vu':r" € N(vir), 35" € S,v"r" € §'].
In other words, Pp(S,v:) is true for a given set S if and only if Np C S, such
that Np is a partition of N(v:7), i.e. Np contains a collection of mutually
disjoint non-empty sets whose union is N (v:7).
The second predicate, Po(V', E',7), is true if and only if (V' E' {7}) is
an homogeneous connected component.

Pc(V' E' 7): VS 7 e V' NS "7 eV ST ~85"T

where ~ is the relation presented in Definition [2.10]
Let G(v:T) such that

Gur)={(V", E' {7}V ={S5"7|S" € S} A Pp(S,v:T) AN Pc(V',E', 7)}.

G(v:T) defines the set of all typed graphs G’ € G(v:7) such that Re is
isomorphic to the singleton graph ({v:t},0,{7}), i.e., G(v:) is isomorphically
equivalent to the set of all connected homogeneous typed graphs with type-
set {7}.
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Definition 3.1 (Vertex substitution). Let G = (V, E,T) be a typed graph
and vt € V. Let H € G(vir).

SuTG = (V' E'\T)

such that V! = (V\{v:t}) UV (H) and E' = (E\ E")U E(H) U E" with
E" = {{vir, o'} :7" € N(vir)} and E" = {{S":1,v":7'}|v":7" € N(v:T) A
S'teV(H)}. V(H) is the vertex-set of H and E(H) is the edge-set of H.

Theorem 3.2. Let G = (V,E,T) be a typed graph and v:T € V. For all
H € G(vir) we have that S}7|G = G.

Theorem follows directly from the definition of vertex substitution.
S¥7|G substitutes a vertex v:7 by a connected typed graph that is reduced
form equivalent to the singleton graph ({v:t}, 0, {7}).

Theorem 3.3. Let G be a typed graph and Rg = (V, E,T) be its reduced
normal form, where V' = {vy:my,v2:Ta, ..., v },n € N. Let K be the set

K ={Syg ™ Sg™|. .. IS ™R | Hi € G(vgm),vim € V}

where S S| - - - |Sy T [Re represents the consecutive application of the
substitution rule, i.e., SFT| (SFE™| (-] (Si™Re) -+ ). Therefore,

(V&' € K,3G" € [Gl=, G ~ G") A (V&' € [G]=,3G" € K, G' =~ G")

Proof. 1t follows directly from the definition of the substitution rule and the
definition of G(v;:1;), vy € V, since G(v;:7;) is isomorphically equivalent to
the set of all connected typed graphs with type-set {7;}. By substituting all
vertices v;7; in the reduced graph of GG, by any other H; of the same type, we
can produce typed graphs isomorphic to any graph in the equivalence class
Gl=. O

Proposition |3.4] analyses the size of a restricted subset of this equivalence
class, which is itself finite if and only if the typed graph in reduced normal
form is also finite.

Proposition 3.4. Let G = (V, E,T) be a typed graph and vt € V.. Consider
a restricted form of the first predicate that accepts only sets that is itself a
complete partitioning of N(v:T), i.e., P5(S,v:r) : Pp(S,v:ir) A[VS' € 5,8 C
N(vr)]. In other words, Pp(S,v:T) is true for a given set S if and only if S

6
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itself is a partition of N(v:T), i.e. S contains a collection of mutually disjoint
non-empty sets whose union is N(v:T). Consider also a restricted subset of
G(vir), namely, G*(v:T), such that

G (vr) ={(V,E'" {r}V' = {5"7|S" € S} A Pp(S,viT) N Pc(V',E',T)}.
Finally, consider K C [G]= such that
K= {SE1:T1|S}]I22:T2 - |S§};Tn|G | Hz € g*(vi:n),vi:ﬂ € V}

Therefore
11 (d(gT>> <ikl< 1 (d%”))z(d(é*))

Proof. Let d = d(v:7T). Notice that {S|P5(S,v:7)} is the set of all valid
partitions of the set N(v:7) into exactly d' partitions, where some of the
partitions may receive no element of N(v:r). We can partition N(v:T) in a
total of (%) different ways. Thus [{S|P5(S,v:)} = (%)

For any valid vertex-set V' = {S".7]S" € S}, with P5(S,v:T) true, the set
{E'|Pc(V', E',T)} represents the set of all edge-sets such that the resulting
graph is connected. Therefore, |{E'|Po(V', E',7)}| < 2((12), which also follows
that (%) < |G*(v:7)| < (4)2(2).

If we repeat this process for all vertices in V' we can easily conclude that

I (") < mi< I1 (572

v:TeV v:TeV
L]

We have defined and studied a vertex substitution rule. We can also
generalise this substitution rule as a subgraph substitution rule. Let G' =
(V',E'{r}), 7 € T, be a connected homogeneous subgraph of type 7 of
G, ie. G C G and G’ have all vertices of type 7. Let N(G’) be the set
{vit e V\V'{v:r,v/:7'} € EAV:7 € V'}. We first consider another
predicate, Pp(S,G’,7), that defines a set S that is a valid superset of the
complete partitioning of N(G').

Pp(S,G"):VS' € 8,8 AODNPS" # S € 8,5 NS" #P|A
Vo' e N(G'),358" € S, € 5.

7
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Let G(G') such that
GG ={(V,E' )|V ={5"7|S" € S} AN Pp(S,G') AN Po(V',E', 7)}.

G(G") defines the set of all typed graphs G” € G(v:T) such that G” is reduced
form equivalent to G'. The set G(G') also represents the set of all connected
typed graphs with type-set {7}.

Definition 3.5 (Subgraph substitution). Let G = (V, E,T) be a typed graph
and G' be a homogeneous connected subgraph of G, where all vertices of G’
have the same type T € T. Let H € G(G').

S¢'\G = (V',E',T)

such that V' = (V\V(G"))UV(H) and E' = ((E\ E(G"))\E")UE(H)UE"
where E" = {{vr,v":7'} € Elur € V\V(G") AV € V(G')} and
E" ={{S" 7" vr}vr € N(G)NS"T€e V(H) Nvr € §'}.

Theorem 3.6. Let G = (V, E,T) be a typed graph and G’, be a connected
subgraph of G, with all vertices of G' having the same type T € T. For all
H € G(G") we have that S§ |G = G.

Theorem follows directly from the definition of subgraph substitution.
S%'|G = G substitutes a connected subgraph G’ with all vertices having the
same type v:7, i.e. G’ is reduced form equivalent to the singleton graph
({v:t},0,{7}), by another connected typed graph that is also reduced form
equivalent to the singleton graph with type 7.

4. Vertex colouring

Vertex colouring is a labelling of the vertices of a graph given some re-
strictions. In this section, we provide two definitions for vertex colouring in
typed graphs: (i) type-restrictive vertex colouring is a labelling of the vertices
such that no two adjacent vertices or no two vertices of different types can
have the same colour; (ii) type-permissive vertex colouring is a labelling of
the vertices such that no two adjacent vertices of the same type can have the
same colour.

Definition 4.1 (Type-restrictive vertex colouring). Let kg : V. — N be
the type-restrictive vertex colouring of a typed graph G = (V,E,T). For
UZ'ITi,’UjITj - V, Zf T 7é Tj or {UZ'ZTZ',UJ‘ZT]'} € E th€7’L KR(UiITi) 7é KR(U]'ZT]').

8
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Definition 4.2 (Type-permissive vertex colouring). Let kp : V. — N be
the type-permissive vertex colouring of a typed graph G = (V,E,T). For
v, vy €V, if o =15 and {vi, v} € E then kp(viy) # kp(vyT;).

If the type-set has size one, both typed vertex colouring definitions sim-
plifies to the classic definition of vertex colouring. Theorem shows that
both typed vertex colouring definitions are equivalent when the typed graph
has type-set of size one.

Theorem 4.3. Let G = (V,E,T) be a typed graph. If |T| = 1, then the
set of type-restrictive vertex colouring equals the set of type-permissive vertex
colouring.

Proof. Consider the two predicates Pg(v;:7;,v;:7;) : {v;iim,v;:7;} € E and
Pr(v;:m,v;:1;) (i = 7;). Let k : V. — N. Define the following two
predicates:

Pr(K): Yor € V., 'r' # vt € V,k(vr) = k(07 )A(Pr(vir, v":7' )V Pg(vir, v':1'))

Pp(k): Yor € V,B'7' # vir € V, k(vr) = (07 )APp(vr, 7 )APg (v, v':7)

Notice that x : V' — N is a type-restrictive vertex colouring of GG if and only
if Pr(r) is true and that x : V' — N is a type-permissive vertex colouring
of G if and only if Pp(k) is true. Since all vertices have the same type,
Pr(vir,v":7') is always true for all v:r,v":7" € V. Therefore both predicates
simplify to

Py (k) :Yur € V,'w #vr €V, (k(vr) = (V7)) A Pg(vr,v':7)
[

Notice also that the predicate Pk (k : V — N) is equivalent to the classic
definition of vertex colouring.

We call type-restrictive chromatic number the minimum number of colours
by a type-restrictive vertex colouring, denoted by xg(G). Similarly, we call
type-permissive chromatic number the minimum number of colours by a type-
permissive vertex colouring, denoted by xp(G).

Theorem 4.4. Let G = (V,E,T) be a typed graph in the reduced normal
form. The type-restrictive chromatic number of G is xr(G) = |T.
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Proof. By definition, we have that xr(G) > |T|, since no two vertices of
different types can have the same colour. However, ﬂ{vi:n, vj1i} € BT =Ty,
and thus all vertices of the same type can have the same colour, since they
are all independent. Therefore, xr(G) = |T)|. O

Theorem 4.5. Let G = (V, E,T) be a typed graph in the reduced normal
form. The type-permissive chromatic number of G is xp(G) = 1.

Proof. By definition, V{v;:7;,v;:7;} € E,7; # 7;. Therefore, by definition,
there is a type-permissive vertex colouring xp : V' — N such that Vv;:7;, v;:
7; € V. kp(vim;) = kp(vjiT)), since 7; # 7;. Hence, xp(G) = 1. O
Theorem 4.6. In a type-restrictive vertex colouring, whenever two vertices
can have the same colour, they can also have the same colour in a type-
permissive vertez colouring, but not vice versa. Formally: Let G = (V, E,T)
be a typed graph. Then

/.1

Vg : V = N,Vor, "7 € V kg(vr) = kr(v'1")
= Fkp:V = N,kp(vir) = kp(v":7)
and
Vip: V = N,Vur, o7 € V,kp(v:r) = kp(v":7)
=& kg V = N, kp(vr) = kr(v'7)
such that kg : V. — N s a type-restrictive vertex colouring and kp : V — N
1S a type-permissive vertex colouring.
Proof. Consider again the two predicates Pg(v;:7;,v5:7;) @ {viir,v;:7;} € E
and Pr(vym;,v;7y) (1, = 7;). Let us prove the first statement. By definition,
kr(v:T) = Kg(v':7') implies that Pr(v:7,v":7") A Pg(vir,v:7’). Because
Pgp(vr,v"7') is true, i.e. {v:7,0":7'} ¢ E, by definition it follows that
dkgr : V — N, kr(vr) = kg(v"7).
Now, let us prove the second statement by contradiction. Suppose
Vep: V — N,Vor, o7 € V,kp(vir) = kp(v':7)
— kg V = N,kg(vr) = kg(v"7').

By definition, kp(v:T) = kp(v":7") implies that Pr(vir, v":7") V Pg(vr, v":71').
Therefore, either Pr(v:r,v":7') is true, or Pg(v:T,v:7’) is true, or both are
true. However, if Pr(v:T, v":7’) is true, then v:r and v":7" have different types,
i.e., 7 # 7'. Therefore, by definition, Prp : V — N, kg(v:7) = kg(v':7),
which is a contradiction. ]

10
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Theorem suggests that type-restrictive vertex colouring is more pro-
hibitive for repeating colours than type-permissive vertex colouring. Corol-
lary follows directly from Theorem because we can always find a
type-permissive vertex colouring that repeats at least as many colours as the
type-restrictive vertex colouring.

Corollary 4.7. Let G = (V, E,T) be a typed graph. Thus xp(G) < xr(G).

Theorem 4.8. Let G = (V,E,T) be a typed graph, with |T| = k, and S
be the set of homogeneous connected components of G. For each 1; € T, let
H;, = J{S" € SIT(S") = {m}}, i.e. H; is the union of the homogeneous
connected components of G with all vertices having the same type ;. Let
K1y Koy ..., ki - V. — N, such that k; : V — N is a type-restrictive vertex
colouring for the subgraph H;, for all i € [1,k]. If Im k; N Im k; = 0, then
Ui, ki is a type-restrictive vertex colouring of G.

Proof. Let us prove by contradiction. Suppose kr = Ule k; is not a type-
restrictive vertex colouring. Therefore Jv:7,v":7" € V such that kg(v:T) =
kr(V T YN (T # 7' V{vr, o7’} € E). Let us analyse kg(v:t) = kg(v": 7)) AT #
7" and kr(viT) = KRV T") A {vim,v":7'} € E in two separate cases and show
that they both never occur.

Because 7 # 7’ implies that v:7 and v":7’ belong two different subgraphs,
resulting from the union of homogeneous connected components of the same
type, and therefore kg(v:T) # kr(v":7') since k; have disjoint image sets for
different types. Therefore kg(v:T) = kr(v:T") AT # 7' is not possible.

For the second case, we have shown that 7 # 7’ contradicts kr(v:T) =
kr(v':7"), then we consider that 7 = 7/. However, 7 = 7/ A {v:T,v":7'} € E
implies that v:7 and v’ :7’ are in the same subgraph, resulting from the
union of homogeneous connected components of the same type, and are also
adjacent vertices. Which contradicts the assumption that k; are valid type-
restrictive vertex colouring for the subgraph H;, for all i € [1, k]. Therefore,
kr(vT) = kr(V' ") A {vr,v":7'} € E is also not possible.

Since both cases are not possible, we have a contradiction. O

Corollary 4.9. Let G = (V,E,T) be a typed graph, with |T| = k, and S
be the set of homogeneous connected components of G. For each 7; € T, let
H;, = {5 € S|T(5") = {n}}, i.e. H; is the union of the homogeneous
connected components of G with all vertices having the same type 1;. Let
KiyKoy ..., ki V. — N, such that k; ' V — N is a munimum type-restrictive

11
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vertex colouring for the subgraph H;, for all i € [1,k]. If Im k; N1Im k; = 0,
then Ule K; 18 a minimum type-restrictive vertex colouring of G.

Proof. Suppose Ule k; 18 not a minimum type-restrictive vertex colouring of
G. Then there is a minimum type-restrictive vertex colouring k : V- — N,
such that [Ims| < [ImJ{_, k;|. By definition, if we denote by Im[r]s the
image of the colouring function  for the vertices of type 7, i.e. Im[r]x =
{k(v:7)|v:7 € V]r|}, then we know that 7,,7; € T,7; # 7; implies that
(Im[7;]x) N (Im[r]K), because no two vertices of different types can have the
same colour. Therefore,

k
Imk| < [Im U Ki

i=1
k
(Im[r]x)| < |ImU/@i|

k

k

U

0
Z Im[r;]x| < Z [Imr;|

=1

and thus 37; € T such that |Im[r;]x < Imk;, which is a contradiction, since
k; » V — N is a minimum type-restrictive vertex colouring for the subgraph
H;, for all i € [1, k] O

In this section, we studied two definitions of vertex colouring. Although
these definitions are consistent with the classic definition of vertex colouring
for homogeneous graphs, there is no reason to not consider similar definitions
with the opposite type-based restriction, which we call negative definitions.
In the remaining of this section, we study the negative definitions of both
vertex colouring definitions presented above. These negative vertex colouring
definitions do not simplify to the classic definition of vertex colouring if we
consider homogeneous graphs.

Definition 4.10 (Negative type-restrictive vertex colouring). Let Rg : V —
N be the negative type-restrictive verter colouring of a typed graph G =
(V.E,T). For v, :m,vj:1; € V, if , = 1; or {v;:m,vj:7;} € E then
Rr(vim) # Rr(vjT;).

Definition 4.11 (Negative type-permissive vertex colouring). Let Kp : V —
N be the negative type-permissive vertexr colouring of a typed graph G =

12
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(V.E,T). Forv:m,v;:1; € V, if, # 75 and {v;:7;,v;:7;} € E then
Ep(viiﬂ') %Ep(vji’i'j).

Theorem shows that both negative vertex colouring definitions are
equivalent when the typed graph has all vertices with an unique type.

Theorem 4.12. Let G = (V,E,T) be a typed graph. If |T| = |V, i.e.,
Vor € V,'r' € V such that vir # o7’ AT = 7', then the set of negative type-
restrictive vertex colouring equals the set of negative type-permissive vertex
colouring.

Proof. Consider the two predicates Pg(v;:7;,v;:7;) @ {v;:7;,v;:7;} € E and
Pr(v;:m,v;:1;) + (i = 7;). Let & : V. — N. Define the following two
predicates:

Pr(R): Yor € V, "' # vir € VE(vr) = KW' 7 )A(Pr(vir, v":7' )V Pg(vir, v':1'))

P5(R): Yor € V,B'7' # vir € VR(vr) = BT )APp(vr, 7 ) APg (v, v':7')
Notice that & : V' — N is a negative type-restrictive vertex colouring of G if
and only if Pp(R) is true and that ® : V' — N is a negative type-permissive
vertex colouring of G if and only if Pp(R) is true. Since all vertices have the
unique types, Pr(v:r,v:7’) is always true for all v:7,v":7" € V. Therefore
both predicates simplify to

Px(R) :Yur € V, 7 #vr €V, (R(vr) = R':7)) A Plvr,v':r)

5. Special subsets of vertices

In this section we study special subsets of vertices in the light of typed
graph theory. First we define, prove individual properties and also relations
between vertex cover and independent sets. Second, we analyse dominating
sets in typed graphs.

5.1. Vertex cover and independent set

Definition 5.1 (Type-restrictive vertex cover). Let G = (V, E,T') be a typed
graph. S CV is a type-restrictive vertex cover if and only if V{v;m;,v;7;} €
E, (=17 = (vun € SVuir; € S)N (1, #17; = (vir; € SNy €9).

13
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A type-restrictive vertex cover must contain at least one vertex of each
edge or both if they have different types.

Definition 5.2 (Type-permissive vertex cover). Let G = (V, E,T) be a typed
graph. S CV is a type-permissive vertex cover if and only if V{v;m;,v;7;} €
E, Ti 7& Tj V (/UiiTi € S\/Ulej € S)

A type-permissive vertex cover must contain at least one vertex of each
edge with both endpoints of the same type.

Theorem 5.3. Let G = (V, E,T) be a homogeneous typed graph, i.e. |T| = 1.
Therefore, S C V' is a type-restrictive vertex cover if and only if S is also a
type-permissive vertex cover.

Proof. Since all vertices have the same type, Vv;:;, v;:7; € V, 7; = 75, then the
definitions of both type-restrictive vertex cover and type-permissive vertex
cover can be simplified for the homogeneous typed graph G. In particular,
S C V is a type-restrictive vertex cover of G if and only if V{v;7;, v;7;} € E,
7, =1, = (vir; € SVur; € §), because 1; # 7, = (viiT; € SAvsTy € 5)
is always true. Similarly, S C V is a type-permissive vertex cover of GG if and
only if V{v;:m,v;:7;} € E, (vii; € SV vty € 5), because 7; # 7; is always
false. Therefore, both definitions are equivalent for the simplified scenario of
homogeneous typed graphs. O]

Theorem 5.4. Let G = (V, E,T) be a connected typed graph in the reduced
normal form. Therefore, S C 'V is a type-restrictive vertex cover if and only

ifS=V.

Proof. By definition, V{v;:7;,v;:7;} € E,7; # 7; and there is no isolated
vertex in (G. Therefore, a type-restrictive vertex cover of G must contain
both endpoints of every edge in G. Hence, V is the only type-restrictive
vertex cover of G. O

Theorem 5.5. Let G = (V, E,T) be a connected typed graph in the reduced
normal form. Therefore, O is a type-permissive vertex cover of G.

Proof. Let us prove by contradiction. Suppose ) is not a type-permissive
vertex cover of G. Then, 3{v;7;,v;7;} € E such that 7, = 75 Avpri & 0 A vy
7; ¢ (), which is a contradiction because,p{v;r;, v;7;} € E, 73 = 7;. ]

14
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Definition 5.6 (Type-restrictive independent set). Let G = (V,E,T) be
a typed graph. S C V is a type-restrictive independent set if and only if
VUiITi, UjITj € S, ViT; 7£ UjITj S (UjITj ¢ N(’UiITi> A\ T, = Tj).

A type-restrictive independent set contains only independent (i.e. non-
adjacent) vertices of the same type.

Definition 5.7 (Type-permissive independent set). Let G = (V, E,T) be
a typed graph. S C 'V is a type-permissive independent set if and only if
Vg, vpr € S, vim # vy = (vpim; € N(vem) V 1 # 75).

Theorem 5.8. Let G = (V, E,T) be a homogeneous typed graph, i.e. |T| = 1.
Therefore, S C V is a type-restrictive independent set if and only if S is also
a type-permissive independent set.

Proof. Since all vertices have the same type, the definitions of both type-
restrictive independent set and type-permissive independent set can be sim-
plified for the homogeneous typed graph G. In particular, S C V is a type-
restrictive independent set of G if and only if Vv;:7,v;:m; € S, viiry # v;:
7, = v;:7; € N(v;:1;). because 7; = 7; is always true. Similarly, S C V
is a type-permissive independent set of G if and only if Vv;:7,v;:7; € S,
VT # v = vyT; € N(vim;). because 7; # 7; is always false. Therefore,
both definitions are equivalent for the simplified scenario of homogeneous
typed graphs. O

Theorem 5.9. Let G = (V,E,T) be a typed graph in the reduced normal
form. Let 7 € T and Vr| = {v;:7; € V|, = 7}. Therefore, V|| is a
type-restrictive independent set of GG.

Proof. By definition, V{v;:7;,v;:7;} € E,7; # 7;. Therefore, fv;:r;,vjim; € V
such that {v;:7;,v;:7;} € EA T, = 7;. Hence, V(7] is a set of independent
vertices of the same type, i.e. V|[r] is a type-restrictive independent set of
G. O

Theorem 5.10. Let G = (V, E,T) be a typed graph in the reduced normal
form. Therefore, V' is a type-permissive independent set of G.

Proof. By definition, V{v;:7;,v;:7;} € E,7; # 7;. Suppose V is not a type-
permissive independent set. Thus 3v;:r;, v, € V {vim, vy} € EAT =15,
which is a contradiction. Hence, V' is a type-permissive independent set of

G. []
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For a typed graph G, we define G as the complement graph with the types
of vertices preserved. The following two theorems show relations between
typed independent sets and the complement graph.

Theorem 5.11. Let G = (V, E,T) be a typed graph and S C V' be a type-
restrictive independent set of G. Thus, G[S] is a complete homogeneous typed
graph, i.e., every pair of vertices in G[S] are adjacent and of the same type.

Proof. Let us prove by contradiction. Suppose G[S] = (S, E',T") is not a
complete homogeneous typed graph. Then, Jv;:7;,v;:7; € S, {viim, v} ¢
E'V 1, # 715
First, {v;:7,v;:7;} ¢ E’ implies that {v;:7;,v;:7;} € E, which is a
contradiction since v;:7;, v;:7; € S and S contains no adjacent vertices of G.
Second, 7; # 7; is also a contradiction, again, because v;:7;, v;:7; € S and
S contains only vertices of the same type. m

Theorem 5.12. Let G = (V, E,T) be a typed graph and S C 'V be a type-
permissive independent set of G. All type-induced subgraphs of G[S] are
complete homogeneous typed graph, i.e., Y7 € T, (G[S])[r] is a complete
homogeneous typed graph.

Proof. Let us prove by contradiction. Suppose (G[S])[r] = (V', E',{7}), for
any 7 € T', is not a complete homogeneous typed graph. Then, Jv;:7, v;:7 €
V' {vir, v}y ¢ E'. However, {v;:r, v} ¢ E' implies that {v;:7,v;7} € E,
which is a contradiction since v;:7,v;:7 € S and S contains no adjacent
vertices of the same type in G. O

Theorem 5.13. Let G = (V,E,T) be a typed graph. If S C V is a type-
restrictive vertex cover then V '\ S is a type-permissive independent set.

Proof. Let us prove by contradiction. Suppose V'\ S is not a type-permissive
independent set. Thus, Jv;:7;,v;:7; € V' \ S such that v;:1; # v A {v;:
7;,v;:7;} € EAT1; = 7, which is a contradiction, because we assumed that
v, v € VS, but we know that {v;r;, v;:7;} € E A 7; = 7; implies that
vim € SV vy €5, since S is a type-restrictive vertex cover. n

Theorem 5.14. Let G = (V,E,T) be a typed graph. S C V is a type-
permissive independent set if and only if V '\ S is a type-permissive vertex
cover.
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Proof. We prove in two steps.

(=) Let us prove by contradiction. Suppose V \ S is not a type-
permissive vertex cover. Thus, 3{v;:7;,v;:7;} € E such that 7, = 7; A v;:
7, ¢ VA\SAvjr; ¢ VS, e, {vpim,vpm} € EAT, = TjAvir € SAvry € 5,
which is a contradiction since S is a type-permissive independent set.

(«<=) Let us prove by contradiction. Suppose V \ S is not a type-
permissive independent set. Thus, Jv;:7;,v;:7; € V \ S such that v;:7; #
vy A, v} € ENT =714, Le., for vim # vy, vim, v €S A g
7;,v;:7;} € EAT; = 7;, which is a contradiction since {v;:7;, v;:7;} € EAT;, = 75
implies that vim; € SV € S. n

Theorem 5.15. Let G = (V, E,T) be a typed graph. If S C V is a type-
restrictive independent set then V' '\ S is a type-permissive vertex cover.

Proof. Let us prove by contradiction. Suppose V'\ S is not a type-permissive
vertex cover. Thus, 3{v;m,v;m;} € E such that 7, = 75 Avpr; ¢ V I\ S Ay
7 ¢ V\ S, ie, {vim,v;:1;} € EANT, = 1 ANviiry € S ANwvjiT; € S, which
is a contradiction since S is a type-restrictive independent set, and therefore
v, vy €8 = {vpm, vt ¢ EANT =T O

5.2. Dominating set
Definition 5.16 (Dominating set). Let G = (V,E,T) be a typed graph.
S CV is a dominating set if and only if Vv;r; € V,vpr, € SV (Jujir; € S, 05
7; € N(vim) A1 = 15).

If G is a homogeneous typed graph then Definition [5.16] of dominating

set is equivalent to the classic untyped definition of dominating set.

Theorem 5.17. If G = (V,E,T) is a typed graph in the reduced normal
form, then V' is the only dominating set of G.

Proof. Because G is in the reduced normal form, by definition, Yv;:7; € V, }ﬂvj:
7; € S,vj:1; € N(vim;) A1, = 7j. Therefore, every vertex v;:7; € V must be
in the dominating set. 0

Theorem 5.18. Let G be a typed graph. Y7 € T, S; is a dominating set of
G|[r] if and only if UrerS: is a dominating set of G.

Proof. (=) Suppose V7 € T, S, is a dominating set of G[r]|. Hence, Yv;7 €
V' it holds that either v;:7 € S; or there is vj:7 € S such that v;:7 € N(v;7).
Therefore, U,c7S, is a dominating set of G.
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(«<=) Suppose S is a dominating set of G. Let S, = {v;:1; € S|1; = 7}.
Thus, for all vertex v;:7 € V of type 7, it holds that either v;:7 € S, and
then v;:7 € S;, or there is v;:7 € S, i.e. v;:T € S;, such that v € N(v;:7).
Therefore, S, is a dominating set of G|r]. O

Corollary 5.19. Let G be a typed graph and S be the minimum dominating
set of G. Thus, |S| is greater than or equal to the number of homogeneous
connected components of G.

Definition 5.20 (Negative dominating set). Let G = (V, E,T) be a typed
graph. S C 'V is a dominating set if and only if Yv;:7; € V,vpr, € SV (v
7; € S,v;my € N(vimi) ATy # 75).

If G is a typed graph in the reduced normal form then Definition [5.20]
of negative dominating set is equivalent to the classic untyped definition of
dominating set.

Theorem 5.21. If G = (V, E,T) is a homogeneous typed graph, then V is
the only negative dominating set of G.

Proof. Because G is a homogeneous typed graph, by definition, Vv;:7; €
V, ﬂvj:Tj € S,v;:1; € N(viir;) A 7; # 7j. Therefore, every vertex v;:m; € V
must be in the dominating set. O]
6. Binary operations

Let G; = (V4, By, T1) and Gy = (Va, Ey, T3) be typed graphs.
Definition 6.1 (Graph union). G; UGy = (V3 U Vs, By U Ey, Ty U Th)
Definition 6.2 (Graph intersection). G1 NGy = (Vi NVa, B3 N By, T1 N'T5)

Definition 6.3 (Join). If Vi N Vy = (0 then we define G1 x Gy = (V4 U
Vo, By U Ey U BTy U Ty) with E' connecting vertices of the same type, i.e.,
E' = {{vpm, vemtopm € Vi Avemy € Vo AT = 1o}

Definition 6.4 (Negative join). If Vi N Vy = 0 then we define G1xGy =
(ViUV,, By U Ey U E' Ty UTy) with E' connecting vertices of different types,
i.e., B' = {{vym,vem}lopm € Vi Avgmy € Vo ATy # 7o}

Proposition 6.5. Let G1,Gy be typed graphs and H = Rg, xRg,. H ~ Ry.
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Proof. Let Rg, = (V1, F1,T1) and Rg, = (Va, Ey, Ty). By definition we have
H= ViUV, EyUE,UE'" T UTy) with B = {{vy:7,v9: 2} v € Vi A
vyTy € Vo ATy # To}. Since, by definition, VE; € {E, By, E'}, v, VTt E
E; where 7; = 7;, therefore H is in the reduced normal form. O

Proposition 6.6. Let G; = (Vi, B, T) and Gy = (Va, Ey, T) be typed graphs
with the same type-set and H = G1 & Gy. For allT € T, Ry (7] is a singleton
graph of type T.

Proof. By definition, Yv;:7y € Vi and Yugimy € Vy, if 74 = 75 then vy:y and
v9:To are adjacent in H. Therefore, H|[r] is a single homogeneous connected
component in H. As proved in Theorem [2.11] the reduced normal form of
a homogeneous connected component of type 7 is a singleton graph of type
T. 0

7. Properties of typed trees

In this section we study some properties of typed trees. Typed trees are
special cases of typed graphs. A typed graph G = (V, E,T) is a typed tree
if (V, FE) is a tree.

Proposition 7.1. Let G = (V, E,T) be a perfect typed n-ary tree, i.e. every
non-leaf vertex contains exactly n children, of height h and |T| = k. Con-
sidering that the types are randomly distributed amongst the vertices with a
uniform probability. Let B(r) be the set of all binary r-tuples (by, by, ..., b,),
where b; € {0,1} for all b;. Therefore, the expected height of R¢ is

h—1 1 -
hi{l- > Hfﬂi(g)"z+

(io,xl,...,xh_l)EB(h) =0

Proof. Given any vertex v:T, the probability that all its n children have the
same type 7 is ()™

A reduction happens in a level [ of the typed tree if and only if all n!
vertices in level [ have all their respective children with the same type. Thus,
the reduction happens in a level [ with probability

o () - ()
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Considering the function

h—1
p(f]?o, Tiyeo. ,(’Ehfl) = H le{Rl}
=0

where x; € {0, 1} for all z;.
Therefore, the expected height of Rq is

h{l- Z p(x)

x€B(h)
where p(x) = p(zg, 21, ..., 24_1) for x = (xg,z1,...,24_1) € B(h). O

Proposition 7.2. Let G = (V,E,T) be a typed tree in the reduced normal
form. Using de definition of G*(v:T), vit € V, presented in Proposition
consider K C [G]= such that

K C{sy ™ Sg™. .. |Sgp™G | Hy € G (vimy), vems € V'}

where K contains only typed trees. Therefore

11 (d“;”)) <K< ]] <d(1;) )d(vrﬂd(”””

viTeV v:TeV

Proof. Let d = d(v:7). Again, notice that {S|Pj(S,v:7)} is the set of all
valid partitions of the set N(v:T) into exactly d' partitions, where some of
the partitions may receive no element of N(v:r). We can partition N(v:T) in
a total of (g) different ways. Thus [{S|Pj(S,v:T)} = (d2l).

For any valid vertex-set V' = {S"7|S" € S}, with Pj(S, v:T) true, consider
the subset E” C {E'|Po(V', E',7)} that represents the set of all edge-sets
such that the corresponding graph is a tree. Since |V’| < d’, by using Cayley’s
formula [3], the number of trees on d’ vertices is d' =2, i.e., |E"| < d'¥ 2.

If we repeat this process for all vertices in V', considering only graphs
that represent trees, we conclude that

I1 (d“;”)) <K< ] (d“;”) )d(vrﬂd(”””

viTeV v:TeV
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